Abstract: Weibull distribution with two parameters, shape (k) and scale (s) parameters are used to model the fatigue failure analysis due to periodic vortex shedding of the synovial fluid in knee joints. In order to determine the later parameter, a suitable statistical model is required for velocity distribution of synovial fluid flow. Hence, wide applicability of Weibull distribution in life testing and reliability analysis can be applied to describe the probability distribution of synovial fluid flow velocity. In this work, comparisons of three most widely used methods for estimating Weibull parameters are carried out; i.e. the least square estimation method (LSEM), maximum likelihood estimator (MLE) and the method of moment (MOM), to study fatigue failure of bone joint due to periodic vortex shedding of synovial fluid. The performances of these methods are compared through the analysis of computer generated synovial fluidflow velocity distribution in the physiological range. Significant values for the (k) and (s) parameters are obtained by comparing these methods. The criterions such as root mean square error (RMSE), coefficient of determination (R 2 ), maximum error between the cumulative distribution functions (CDFs) or Kolmogorov-Smirnov (K-S) and the chi square tests are used for the comparison of the suitability of these methods. The results show that maximum likelihood method performs well for most of the cases studied and hence recommended.
I. Introduction
Synovial fluid is a plasma dialysate, which is modified by means of elements secreted by knee joint tissues that implicated in reduced friction much smaller than human made machines. The rheological premises of synovial fluid sound to be particularly suited for joint lubrication [1] . In recent years, a considerable amount of work had been reported which exhibits viscoelastic properties of synovial fluid in human knee joints [2, 3, 4, 5] . To establish the viscoelastic nature of synovial fluid, content of the same i.e. hyaluronic acid which is an essential component, varies with age [2] . Concentration of hyaluronic acid is highest between 18 to 25 years and between the ages of 30 to 80, in normal joints no changes is observed [2, 6] . Dynamic shear moduli at various strain frequencies at various temperatures show the viscoelastic nature of synovial fluid [7] .
Balazs plotted typical set of values of the elastic and viscous moduli as a function of strain frequency from synovial fluid samples of two normal knee joints of ages 20 and 67 years and one from osteoarthritic knee joint aged 63 years [2] . Results showed that as the strain frequency increases, both elastic and viscous moduli increase, that is different in pathological fluid considering strain frequencies in range to which the fluid was exposed in the course of normal movement of the knee joint (flexion, extension, walking and running).
However, Pekkan, Nalim and Yokota [8] The Weibull distribution is a one-tailed continuous probability distribution widely used in reliability and life data analysis and failure analysis of material due to its versatility [9, 10] . Hence, to analyse the vortex induced vibration on the knee joint, the flow pattern of the synovial fluid is modelled using the twoparameter Weibull distribution, as there is a direct relation between the stress induced by the flow of the fluid and the velocity gradient of the synovial fluid as studied by King [11, 12] . Hence, forecasting the velocity distribution of the synovial fluid flow velocities is very much important and vital. The Weibull distribution function gives the probability of failure of any given specimen under test. Involved parameters i.e.
'k' and 's' parameters have to be approximated for an offered pair of data to depict the concerned random variety of the velocity distribution set by the Weibull model.
Several numerical techniques are available to estimate the Weibull parameters [1, 13] . Among these techniques, three are most widely used methods namely, least square estimation method (LSEM), maximum likelihood method (MLE) and method of moment (MOM). These methods are currently used to estimate the Weibull parameters in many fields of engineering that include wind speed distribution and energy applications [13, 14] along with other criterions to determine the efficiency of these methods to give a precise estimate of the Weibull parameters. Different methods suit the requirement of the estimation that depends on the data set, their distribution, and the data size [14] .
II. Background
Two-parameter Weibull distribution is defined by the probability density function given as: 
Methods for estimating Weibull parameters
Three methods, widely used to estimate the Weibull parameters, are discussed briefly:
Transformation of distribution functions of Weibull in Eq. (2) into a linear form by taking double logarithm on both the sides and rearranging as follows:
The cumulative probability, F(v) can be calculated 
III. Method
The aim of this study is to determine a suitable In our study, generated data must lie in the physiological range of synovial fluid flow velocity, so a random sample of 10 6 pseudorandom numbers are generated and uniformly distributed in the range 0 to 1. The 'k' and 's' parameters are initially set as 2 and 4 respectively and the 10 6 computer generated pseudorandom numbers were treated as cumulative probabilities of the variable 'v'. Rearranging Eq. (2) and solving for 'v' with the above Weibull parameters, the following equation is obtained:
The velocity values ranging from 0 to 10 m/s are given by the order statistics described by Wilks [24] . (1) Goodness of fit
To determine goodness of Weibull distribution to fit the simulated data, these tests are performed at 5%
of significance level or 95% confidence interval [14] .
Both K-S and chi square tests are non-parametric tests, suitable for unknown distribution and data set [15, 21] . In this study, these tests are adopted to examine whether the probability distribution function K-S test determines the absolute value of the maximum error between two CDFs. Critical value evaluated for K-S test at 5% significance level for one sample is as follows [14] :
The hypotheses that there is no significant difference between the two CDFs was rejected if Q > Q 95 . To compare the suitability of the methods, least value of Q has been considered for the better performance of test.
whereas, chi square has the form:
where, T i is the theoretical frequency of variable v determined from the CDF with specified Weibull parameters and E i is the expected frequency that can be determined from the observed probability described
by order statistics of Wilks [24] . 
where p i is the observed probability, p ic is the theoretical probability and p avg is the mean of the observed probabilities. Value of R 2 approaching 1 indicates that the data fitted by the theoretical distribution is well suited. 
IV. Results
To analyze the performance of the three methods in Table 4 .
V. Discussions
In this current study, we reported that the maximum errors in the CDFs never exceeds the corresponding critical values for the K-S test implying that the theoretical Weibull distribution with its parameters estimated by different methods is appropriate to describe the observed velocity distribution.
However, the most appropriate method for determining Weibull parameters can be estimated from the value of maximum error between CDFs. It has been observed that the maximum error was least in MOM followed by MLE. In Table 2 , it has been observed that the value of chi square for LSEM and MOM for sample size 100 exceeded the corresponding critical value at 5% significance level. In addition, chi square value for LSEM for sample size 200 exceeded the corresponding critical value in Table 3 . It implies that the theoretical model becomes inappropriate to describe the actual distribution. The MLE gave satisfactory results for all the sample sizes and various In addition, the parameter error for Weibull 's' parameter does not show much discrepancy between different methods with the highest error being 3%. It decreases up to 0.1% as the sample size increases. It is evident that when sample size increases, observed probabilities will tend to the theoretical probabilities and hence the ratio will approach towards unity.
VI. Conclusions
In this paper, the performance of three methods namely LSEM, MLE and MOM for determining LSEM would be preferred for the ease of estimation and less percent error while determining the value of scale parameter.
